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We perform density-functional theory 共DFT兲 calculations of carbon dissolution and diffusion in iron, the
latter being a typical example of interstitial diffusion. The Kohn-Sham equations are solved with periodic
boundary conditions and within the projector-augmented-wave formalism, using the generalized gradient approximation for electron exchange and correlation. With the solution enthalpy as an indication of cell size
convergence, we find a supercell with 128 Fe atoms and one C atom is sufficient for describing dilute
concentrations of carbon in bcc Fe. The solution enthalpy of carbon in an octahedral site in ferrite is predicted
to be 0.74 eV, i.e., the dissolution of carbon in bcc ferromagnetic 共FM兲 Fe is an endothermic process. Using the
Fe128C1 periodic cell, we find that the minimum-energy path 共MEP兲 of carbon diffusion from one octahedral
site to another 共via a tetrahedral site兲 has a barrier of 0.86 eV, in excellent agreement with the experimental
value of 0.87 eV. This encouraging benchmark result prompted us to investigate carbon diffusion in austenite,
whose electronic structure is less well characterized experimentally. Cell size convergence results show that a
supercell with 32 Fe atoms and one C atom is sufficient. The calculated solution enthalpy is ⫺0.17 eV, which
indicates that the dissolution of carbon in fcc Fe is exothermic, consistent with the known greater solubility of
C in austenite compared to ferrite. The MEP shows that carbon moves linearly from an octahedral site to
another, contrary to the common notion of an off-plane diffusion path. The diffusion barrier is calculated to be
0.99 eV. Since we model austenite with the FM high-spin phase, the diffusion barrier we obtain is not directly
comparable to the experiments in which austenite is usually paramagnetic. However, this prediction is relevant
for C incorporation into Fe thin films, since FM high-spin fcc Fe can be obtained by epitaxial growth of thin
Fe films on a Cu substrate.
DOI: 10.1103/PhysRevB.67.214103
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I. INTRODUCTION

Many important phenomena in materials science involve
diffusion of impurities. Diffusion of the light elements 共H, B,
C, N, and O兲 in metals typically occurs via an interstitial
mechanism. One example is carbon diffusion in iron. Due to
its relatively high diffusivity, interstitial diffusion of carbon
often controls the kinetics of phase transformations in steels
and therefore the resulting microstructure. Moreover, some
technologically important processes such as surface hardening by carburizing and nitriding are realized by interstitial
diffusion. Molecule-surface interactions, such as those in
corrosion and heterogeneous catalysis, can also involve diffusion of adsorbed atoms into subsurface layers and further
into the bulk. However, interstitial diffusion may cause problems such as strain aging, embrittlement, and steel erosion.
Understanding the interstitial diffusion process in iron may
aid in understanding the behavior of steel subject to harsh
environments.
Despite more than 50 years of experiments investigating
carbon diffusion in ferrite 关body-centered-cubic 共bcc兲 Fe and
its carbon alloy, also called the ␣ phase兴 and austenite 关facecentered-cubic 共fcc兲 Fe and its carbon alloy, also called the ␥
phase兴, some key issues remain unclear. For instance, direct
evidence of the diffusion path is still lacking due to inherent
limitations in spatial and time resolution of experimental
techniques that do not permit probing of individual reactive
events in solids 共not to mention the difficulty associated with
probing a transition state in condensed matter兲. Periodic
density-functional theory1,2 coupled with a solid-state
transition-state search algorithm provides a way to study the
0163-1829/2003/67共21兲/214103共11兲/$20.00

atomic mechanism of solid-state diffusion. The success of
several such studies3– 6 encourages us to work on carbon diffusion in iron which, to our knowledge, has not been studied
by first principles before. We have chosen carbon diffusion in
Fe as our starting point because it has broad industrial applications and accurate experimental data are available. In addition, carbon diffusion in Fe is a very typical case and the
knowledge from that may offer a general picture of interstitial diffusion of elements in bcc and fcc metals.
The classical measurement of carbon diffusion in ferrite
in 1950 by Wert7 showed that in the temperature range of
238 – 473 K, the data agree very well with a linear Arrhenius
plot which yields a diffusion barrier of 0.87 eV. After Wert,
carbon diffusion in ferrite was measured with various methods and in different temperature ranges.8 For the lowtemperature linear Arrhenius regime, the atomic mechanism
assumed by many8 –12 involves carbon movement from the
octahedral 共o兲 site to another nearest-neighbor o-site via the
tetrahedral 共t兲 site, with the t-site assumed to be the transition
state 共TS兲.
The measurement of carbon diffusion in austenite also
started in the 1950s. Wells et al.13 and Smith14 showed that at
0.1-wt % concentration of carbon in austenite, the diffusion
barrier is about 1.60 eV. Although the solubility of carbon in
austenite is high and high-resolution neutron powderdiffraction experiments indicate15,16 that carbon resides in the
o-site of the lattice, the atomic level diffusion pathway is still
unclear.
Due to the very low solubility of carbon in ferrite 共0.022
wt % at about 1000 K兲, a realistic study of atomic diffusion is
challenging with first-principles techniques. By building a
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large Fe cell with one C atom in it and periodically repeating
the cell in all three dimensions, the supercell approximation
allows us to solve this problem to a certain degree. Here, we
first calculate the solution enthalpy of carbon in bcc and fcc
Fe and examine how the enthalpy converges with the size of
the supercell. After a suitable supercell is obtained, we then
go on to find the minimum-energy path 共MEP兲 for carbon
diffusion and the associated energy barriers in both bcc and
fcc Fe. Our objective is to test the assumed pathway for bcc
Fe and to attempt to predict the preferred pathway in fcc Fe.
The rest of the paper is organized as follows. Section II
describes the method we use, in Sec. III we present the results, Sec. IV discusses some issues relating our findings to
experiments, and Sec. V summarizes the results and gives
conclusions.
II. METHOD

The first-principles calculations performed in this study
are based on spin-polarized density-functional theory
共DFT兲.17,18 The Vienna ab initio simulation package 共VASP,
version 4.4.5兲 is used to solve the Kohn-Sham equations19–21
with periodic boundary conditions and a plane-wave basis
set. Here we employ Blöchl’s projector-augmented-wave
共PAW兲 method22 as implemented by Kresse and Joubert.23
The PAW method is an all-electron DFT technique 共within
the frozen-core approximation兲 with the computational efficiency of pseudopotential DFT algorithms. Its use is necessary for accurate calculations of certain transition metals,
which are sometimes poorly described by ultrasoft
pseudopotentials.24 For the treatment of electron exchange
and correlation, it is well known that the generalized gradient
approximation 共GGA兲 is needed to give an accurate description of magnetic properties and energetics of Fe bulk
phases.25 Therefore all calculations are done with the GGA
functional of Perdew et al.26 using the one-electron quantities 共partial waves, projectors, etc.兲 supplied with VASP that
are required to construct the self-consistent PAW potentials.
共We use the standard version of the PAW-GGA potential for
Fe and the soft one for C.兲 The spin interpolation of the
correlation energy is by the Vosko-Wilk-Nusair method.27
The equation of state 共energy versus volume兲 for bulk Fe is
fit to Murnaghan’s equation of state.29 The equilibrium volumes 共and thus, the lattice parameters兲 and bulk moduli are
extracted from the fit.
When the number of atoms in a supercell exceeds 20, the
projection operators in the PAW method are evaluated in real
space to aid computational efficiency. We use a kineticenergy cutoff of 350 eV, which we find is sufficient to converge the total energies of graphite and ferromagnetic 共FM兲
bcc Fe to within 5 meV/atom. We find that a 350-eV kineticenergy cutoff converges the solution enthalpy 共for carbon in
the octahedral site of an unrelaxed bcc Fe16 supercell兲 to
within 6 meV per carbon atom. The Monkhorst-Pack
scheme28 is used for the k-point sampling, and for each supercell, the total energy is converged with respect to k-point
sampling to within 0.02 eV/cell 共Table I lists the k-point
mesh used for each supercell兲. The first-order MethfesselPaxton method is used for Fermi-surface smearing in order

TABLE I. Converged k-point meshes used for the bcc and fcc Fe
supercells.
bcc

k-mesh

fcc

k-mesh

Fe16
Fe54
Fe128

8⫻8⫻8
6⫻6⫻6
4⫻4⫻4

Fe4
Fe32
Fe64
Fe125

8⫻8⫻8
6⫻6⫻6
4⫻4⫻4
2⫻2⫻2

to obtain accurate forces,21 and the smearing width is chosen
such that the error in the energy extrapolated to 0 K is less
than 1 meV/atom 共we use a smearing width of 0.05 eV for
bcc Fe125 and fcc Fe128 supercells and 0.1 eV for all the
other cells兲. When the maximum force acting on each atom
of the supercell drops below 0.005 eV/Å, the structural relaxation is terminated. For carbon in bcc Fe, we first use the
conjugate-gradient method for ionic relaxation for 20 steps,
and then a quasi-Newton method subsequently for approximately five ionic iterations to reach the prescribed force tolerance. For carbon in fcc Fe, the direct use of the quasiNewton method can usually converge the structure within ten
ionic iterations.
The solution enthalpy at 0 K, neglecting zero-point energy
corrections 共later, we show these are small兲, of carbon in an
Fe bulk lattice is defined as the following:
⌬H s ⫽E 共 Fen C1 兲 ⫺E 共 Fen 兲 ⫺E 共 C 兲 .

共1兲

The first term on the right-hand side is the total energy of the
supercell that includes n Fe atoms and one carbon atom; the
second term is the total energy of the supercell that consists
of n Fe atoms. The first two terms are calculated with the
same parameters (k-point sampling, kinetic-energy cutoff,
etc.兲 as given above. The third term is the total energy of
graphite on a per atom basis and is calculated separately with
respect to k-point convergence. Since the van der Waals interaction between graphite sheets is not described properly
with DFT GGA, we model graphite using the experimental
geometry 关 a⫽2.462 Å and c⫽6.656 Å at 0 K 共Ref. 30兲兴 and
do not optimize its structure. We calculate the total energy of
graphite with a kinetic-energy cutoff of 350 eV and a 8⫻8
⫻4 k-mesh. We obtain a cohesive energy of E coh
⫽8.01 eV/atom for graphite 共with respect to the 3 P ground
state of atomic C兲 that exceeds the experimental value31 by
0.64 eV, but is consistent with the typical error in DFT predictions of cohesive energies 共LDA overestimates E coh by
1.3 eV/atom for graphite33兲.
An improved version of the nudged elastic Band 共NEB兲
method, the climbing-image NEB,34 is used to locate MEP’s
and TS’s for the diffusion of carbon in bulk Fe. The NEB
method35 provides the means to find an MEP given the initial
and final states of a process. An interpolated chain of configurations 共images兲 between the initial and final positions
are connected by springs and are relaxed simultaneously.
With appropriate projections, the true force and the spring
force acting on each image are separated from the total force.
The true force relaxes the image to an MEP and the spring
force keeps images with equal distance. With the climbing-
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image scheme, the highest-energy image climbs uphill to the
saddle point by making the spring force zero and including
only the inverted parallel component of the true force on that
image. When we use the climbing-image-NEB 共CI-NEB兲
method in this study, all the images are relaxed until the
maximum force acting on an atom is less than 0.01 eV/Å. A
velocity quench algorithm36 is used for ionic relaxation to
partially converge the images, followed by a quasi-Newton
algorithm. All saddle points are then verified to be true transition states 共rank 1 saddle points兲 and intermediates to be
local minima by diagonalizing a finite difference construction of the Hessian matrix with displacements of 0.01 Å and
ensuring the presence of only one negative eigenvalue for
TS’s and all positive eigenvalues for minima.
For carbon diffusion in bcc Fe, a supercell of Fe128C1 is
used for the CI-NEB calculation. Seven linearly interpolated
images are converged to the MEP with a 2⫻2⫻2 mesh for
k-point sampling within approximately 30 ionic steps. For
carbon diffusion in fcc Fe, our initial guess is a slightly perturbed set of linear interpolation images between the initial
and final states with 15 images for a Fe4C1 cell (6⫻6⫻6 kmesh兲 and 11 images for a Fe32C1 cell (4⫻4⫻4 k-mesh兲.
The initial guesses converge to the MEP within approximately 60 ionic iterations for carbon diffusion in fcc Fe.
Although we use a smaller k-mesh for Fe4C1, Fe32C1, and
Fe128C1 cells for CI-NEB calculations compared with the
solution enthalpy calculations, we find that a larger k-mesh
changes the diffusion barriers by less than 0.02 eV.
III. RESULTS
A. Bulk Fe

Due to the four unpaired valence electrons of its atom, Fe
in its various forms 共clusters, surfaces, thin films, and bulk兲
shows very rich magnetic phenomena. Many first-principles
studies successfully described the magnetic phases of bulk
and thin-film Fe.37– 41 A number of earlier calculations employed the all-electron full potential linearized augmented
plane-wave 共FLAPW兲 DFT method. As first realized by
Blöchl,22 the PAW and FLAPW methods are closely connected, and Kresse and Joubert23 have already demonstrated
agreement between FLAPW and PAW DFT for some bulk Fe
properties. However, a detailed study of the various magnetic
phases of fcc Fe has not been reported using the PAW
method, so we present one here, along with that for bcc Fe.
This is necessary in order to choose a suitable magnetic
phase to model ferrite and austenite.
The equations of state for FM, antiferromagnetic 共AFM兲,
and nonmagnetic 共NM兲 bcc and fcc Fe are shown in Fig. 1.
The lattice parameters, bulk moduli, and local magnetic moments for different magnetic phases of bcc and fcc Fe are
listed in Table II, and compared with the FLAPW-DFT-GGA
predictions and with experiment. The antiferromagnetic
single-layer 共AFM1兲 and antiferromagnetic double-layer
共AFMD兲 phases 共after Herper et al.40兲 refer to the common
antiferromagnetic structure (↑↓↑↓ . . . ) and the bilayer AFM
structure (↑↑↓↓ . . . ), respectively. Both AFM phases have a
关001兴 layer orientation, but the AFM1 phase has one layer
spin up and the next layer spin down, while the AFMD phase

FIG. 1. Phase diagram for bcc Fe and fcc Fe with different
magnetic configurations.

has two layers spin up and the next two layers spin down. In
general, our results agree very well with the all-electron
FLAPW-GGA results of Herper et al.40 We obtain the FM
bcc phase as the ground state of bulk Fe, as observed experimentally, so it is straightforward for us to choose the FM bcc
phase as the model system for carbon diffusion in ferrite.
Moreover, PAW-DFT GGA yields bulk properties for FM
bcc Fe in good agreement with experiment 共Table II兲.
The situation with austenite is not nearly so simple. Experiments suggest44 that the ground state of fcc Fe is a spinspiral state, which has been confirmed with first-principles
noncollinear-spin calculations.45,46 We obtain the AFMD
phase as the ground state of fcc Fe, which agrees with
FLAPW results; the predicted lattice parameter for the
AFMD state coincides reasonably with those extrapolated
from measured lattice parameters in AFM fcc Fe alloys
共Table II兲.42
Although only collinear-spin configurations are studied in
this work, the AFMD phase has been suggested to be a close
approximation to a spin-spiral state.41 The minimum for the
AFM1 state is only slightly higher in energy, but considerably smaller in volume. The more complete antiferromagnetic coupling in this phase favors smaller Fe-Fe distances
and hence a smaller volume. The complexity increases even
more with FM fcc Fe, where we obtain a low-spin 共LS兲,
low-volume minimum and a relatively higher-energy highspin 共HS兲, high-volume minimum. This is shown in greater
detail in Fig. 2. The FM-LS fcc Fe has an equilibrium lattice
parameter of 3.47 Å and local magnetic moment of 0.95 B ,
while the FM-HS fcc Fe has an equilibrium lattice parameter
of 3.64 Å and a local magnetic moment of 2.62 B . As in the
AFM Fe case, this lattice parameter agrees well with extrapolated values in FM fcc Fe alloys 共3.65 Å兲 at low temperature 共Table II兲.
We find that the NM phase of fcc Fe is almost degenerate
with the FM-LS phase. Experimentally, fcc Fe is found to be
paramagnetic in the temperature range for which carbon dif-
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TABLE II. PAW-DFT-GGA predictions of lattice parameters
(a), bulk moduli (B), and local magnetic moments 共M兲 for magnetic phases of bcc and fcc Fe at 0 K. Earlier FLAPW-DFT-GGA
predictions and experimental measurements are also shown for
comparison.
System

Method

a 共Å兲

B 共GPa兲

M (  B)

bcc FM

PAW a
FLAPW b
experiment
PAW
FLAPW
PAW
FLAPW
PAW
FLAPW
PAW
FLAPW
experiment
PAW
FLAPW
PAW
FLAPW
experiment
PAW
FLAPW

2.83
2.84
2.86 c
2.76
2.77
2.79
2.80
3.64
3.64
3.47
3.49
3.65 e
3.52
3.53
3.48
3.50
3.56 e
3.45
3.46

174
174
168 d
267
279
166
176
167
171
214
211

2.20
2.17
2.22 d
0.00
0.00
1.22
1.25
2.62
2.57
0.94
1.02

130
127
198
193

1.79
1.80
1.23
1.30
0.70 f
0.00
0.00

bcc NM
bcc AFM1
fcc FM HS
fcc FM LS
fcc FM
fcc AFMD
fcc AFM1
fcc AFM
fcc NM

282
293

TABLE III. Solution enthalpies (⌬H s ) of carbon in FM bcc Fe
at 0 K for both unrelaxed and relaxed structures 共for the unrelaxed
structure, a⫽2.86 Å) and the c/a ratio for the relaxed cells.
Supercell

⌬H s , unrelaxed 共eV兲

⌬H s , relaxed 共eV兲

c/a

Fe16C1
Fe54C1
Fe128C1

5.62
5.60
5.60

0.58
0.72
0.74

1.076
1.019
1.007

the FM-HS phase as our model system for austenite for the
following reasons. First, the AFM 共or the spin-spiral state兲
and the FM-HS phases of fcc Fe have been observed experimentally either from the precipitates of fcc Fe in a Cu
matrix47 or from fcc Fe thin films grown on a substrate,48
while the FM-LS phase has not. Second, the FM-HS state of
fcc Fe has been invoked as an excited state to explain the
anti-Invar effect of fcc Fe.40,42 Though we cannot model the
paramagnetic phase with conventional periodic DFT and collinear spins, we conclude that it is better to use the FM-HS
phase to model austenite 共again, the lattice parameter is similar to the extrapolated values in FM fcc Fe alloys兲 rather than
the FM-LS, NM, or AFM phases of fcc Fe 共which do not
resemble a paramagnetic phase at all兲.
B. Solution enthalpy of carbon in FM bcc Fe

a

All the PAW data in this table are from the present work.
All the FLAPW data in this table are from Ref. 40.
c
Reference 42 共extrapolated to 0 K兲.
d
Reference 31.
e
Reference 42 共lattice parameters are derived by extrapolating those
of fcc Fe alloys at 4 K to a pure Fe concentration兲.
f
Reference 43 共the magnetic moment is measured for fcc Fe precipitates in the Cu matrix below T N ).
b

fusion has been observed 共1000–1500 K兲. So which phase
should be chosen to model austenite, given the various magnetic phases of fcc Fe? The NM phase is not a good choice
because the paramagnetic state consists of randomly disordered local magnetic moments, but not in the sense of locally
compensated spins as in our NM phase. Instead, we choose

FIG. 2. Total energy 共solid squares兲 and local magnetic moment
共open circles兲 of FM fcc Fe as a function of lattice parameter.

Although the nominal ‘‘radius’’ of the tetrahedral 共t兲 site
关0.36 Å, as measured from its center to the nearest Fe atom,
minus the metallic radius of Fe 共Ref. 49兲兴 of the Fe bcc
lattice is larger than that of the octahedral 共o兲 site 共0.19 Å兲,
carbon prefers to stay in the o-site. Experimentalists have
made this point,49,50 and we also confirm this with firstprinciples calculations using an Fe16 supercell. Insertion of
C into bulk bcc Fe held rigid in its pure elemental structure
yields a solution enthalpy ⬃1.00 eV less endothermic for the
t-site than for the o-site, consistent with the larger size of the
t-site. However, the order is reversed upon structural relaxation, with the o-site about 1.00 eV more stable than the t
-site. Carbon atoms have covalent radii of 0.77 Å, so both
the o-site and t-site may be considered far too small. However, carbon atoms prefer to stay in distorted octahedral sites,
where they can have only two Fe atoms close to them upon
relaxation, rather than four close Fe atoms in the tetrahedral
sites. We therefore focus on calculating a converged solution
enthalpy of carbon in the o-site.
Table III shows how the solution enthalpy of carbon in an
Fe lattice converges with the supercell size, i.e., as the concentration of carbon becomes lower. The solution enthalpy in
the structurally unrelaxed cell is very large 共about 5.6 eV兲,
which suggests that the dissolution of carbon in bcc Fe is
very unfavorable. After relaxation, the solution enthalpy is
reduced dramatically but is still significantly positive, which
agrees with the low solubility of carbon in ferrite. With increasing dilution of C 共increasing supercell size兲, one sees
that the solution enthalpy is converged to ⬃0.73 eV at
Fe54C1, since the numerical error in our calculations is estimated to be around 0.02 eV/cell. The calculated solution
enthalpy agrees very well with the experimental value 共0.60–
0.78 eV兲 measured in the temperature range of 773–993 K.51
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FIG. 3. Minimum-energy path for carbon diffusion in the Fe128C1 supercell and the local
structures of initial, intermediate, final, and transition states.

From Fe16 to Fe54, the solution enthalpy for the relaxed
structure increases by about 0.14 eV, which indicates a possible attractive interaction between carbon atoms in the bcc
Fe lattice, whereby these carbon atoms may be driven to
precipitate out from the bcc lattice. Experimentally, Fe3 C
instead of graphite is formed upon tempering a supersaturated carbon solution in ferrite, due to kinetic reasons.32
After relaxation, we find that the bcc lattice undergoes a
tetragonal distortion and adopts a body-centered-tetragonal
共bct兲 structure, with the c/a ratio of the bct structure decreasing with increasing cell size. We obtain a bct structure instead of the cubic lattice after relaxation of the supercell
because of the strain caused by the carbon in the o-site of the
periodic bcc lattice. In a real world sample, carbon atoms are
randomly distributed in the o-sites of the bcc lattice, leading
to a macroscopic cubic symmetry despite possible local tetragonal distortions 共such distortions will average out along
all three orientational variants, x, y and z). We conclude that
the Fe128C1 supercell, with its very small tetragonal distortion, is sufficient to simulate carbon diffusion in ferrite, since
the local coordination around the carbon atom in the bct
structure is quite similar to ferrite.
C. Carbon diffusion in FM bcc Fe

The most likely and intuitive hopping mechanism for interstitial diffusion of carbon in the bcc lattice is the linear
movement of the interstitial element from an o-site to another nearest neighbor one via the t-site. If the long axis (c
axis兲 in our bct Fe128C1 supercell is along the z axis, then
the carbon atom can diffuse in either the x or y direction 共see
Fig. 3兲. Suppose the carbon atom hops one step along the y
direction to another nearest-neighbor o-site. Then the c axis
of the tetragonal distortion will change to be along the x
direction. If the carbon moves a further step along the y
direction, then the c axis will change back to the z axis. Since
the current implementation of the NEB method requires that
the initial and final states have the same cell shape and vol-

ume, we take one o-site and its next-nearest-neighbor o-site
along the y direction as the initial and final states, respectively. Thus the o-site in between becomes a local minimum
which has a small tensile stress along the x direction, and
causes its energy to be a little higher than the initial state. All
this analysis is reflected in and confirmed by Fig. 3 共the
discrete data points are connected with a cubic spline兲. The
diffusion barrier is calculated to be 0.86 eV, which agrees
beautifully with the experimental value of 0.87 eV.7 This
result indicates that Fe128 is sufficiently large to simulate
carbon diffusion in bcc Fe. The local minimum in the middle
共image 04兲 is about 0.04-eV higher than the initial state 共image 00兲, indicating that the tensile stress on image 04 is not
large. The local structures of the initial state, the transition
states 共images 02 and 06兲, the local minimum, and the final
state 共image 08兲 are also shown in Fig. 3. One can see that
the carbon atom moves from one octahedron to another one
via the t-site as a transition state. The decrease of the Fe1Fe2 distance and the increase of the Fe5-Fe6 distance also
support this diffusion process 共Table IV兲. So our calculations
not only agree with the experimental barrier but also confirm
that the mechanism assumed by experimentalists9–12 is associated with this barrier.
In order to compare the diffusion coefficient with experiment, we also calculate the preexponential factor for carbon
diffusion in bcc Fe. Using harmonic transition-state theory52
and the random-walk formulation of interstitial diffusion in a
bcc lattice,53 D 0 in the empirical Arrhenius form of the diffusion equation D⫽D 0 exp(⫺Ea /kBT) can be expressed as
TABLE IV. The geometries of images 00, 02, and 04 of the
Fe128C1 cell.
Image

Fe1-Fe2 共Å兲

Fe5-Fe6 共Å兲

C-Fe5 共Å兲

00 共minimum兲
02 共TS兲
04 共strained minimum兲

3.559
3.361
2.811

2.797
3.353
3.550

1.978
1.820
1.775
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TABLE V. Solution enthalpies (⌬H s ) of carbon in FM-HS fcc
Fe at 0 K for both unrelaxed and relaxed structures 共for the unrelaxed structure, a⫽3.64 Å) and the percent of change in volume
(⌬V).
Supercell
Fe4C1
Fe32C1
Fe64C1
Fe125C1
a

⌬H s , unrelaxed 共eV兲 ⌬H s , relaxed 共eV兲 ⌬V 共%兲a
0.38
0.33
0.33
0.34

⫺0.06
⫺0.17
⫺0.16
⫺0.17

11.2
0.98
0.50
0.10

The volume increase of the relaxed Fen C1 cell with respect to the
relaxed Fen cell.

3N⫺1 †
D 0 ⫽ 61 a 2 ( 兿 3N
j⫽1  j / 兿 j⫽1  j ). Here, a is the lattice param†
eter, and  j and  j are the real normal-mode frequencies at
the initial state and the transition state, respectively. By constructing and diagonalizing a small Hessian matrix which
involves only C, Fe5, and Fe6 共Fig. 3兲, we obtain nine  j ’s
and eight  †j ’s 共the other  †j is imaginary兲, leading to a calculated D 0 ⫽1.44⫻10⫺7 m2 s⫺1 . Experimental D 0 ’s vary by
about one order of magnitude; the average over all available
experimental data below 350 K 共Ref. 54兲 gives a D 0 of
1.67⫻10⫺7 m2 s⫺1 . Therefore, both our activation energy E a
and preexponential factor D 0 agree very well with experiment for carbon diffusion in FM bcc Fe. This gives us confidence to then apply a similar strategy to predict carbon
dissolution and diffusion behavior in the less wellcharacterized fcc Fe 共austenite兲.

D. Solution enthalpy of carbon in HS-FM fcc Fe

Experiments show15,16 that interstitial carbon stays predominantly in the octahedral sites of the fcc Fe lattice. This
agrees with the larger ‘‘radius’’ of the o-site 共0.53 Å兲 relative
to the t-site 共0.29 Å兲 in the fcc Fe lattice. We therefore build
all the supercells with carbon in an octahedral interstitial site
and with a lattice parameter of 3.64 Å, which we obtain as
the equilibrium lattice parameter for the unit cell of FM-HS
fcc Fe. The solution enthalpies for the unrelaxed and relaxed
cell structures are converged at the supercell size of Fe32C1
共Table V兲. The negative sign and small magnitude of the
solution enthalpy for the fully relaxed structures show that
the dissolution of carbon atoms in FM-HS fcc Fe is slightly
exothermic and, in fact, is energetically favorable even for
such high carbon concentrations as represented by as small a
cell as Fe4C1. This is partly due to the relatively large
atomic volume of FM-HS fcc Fe.
For comparison, we also calculated the solution enthalpy
of carbon in the t-site for the Fe32C1 cell and we find it is
about 1.48 eV higher for the relaxed structure 共and 4.33 eV
higher for the unrelaxed structure兲 than for C in the osite, confirming the experimental observation that C prefers
the o-site.
The decrease in the solution enthalpy for the relaxed
structures, going from Fe4C1 to Fe32C1, can be explained
by a repulsive interaction between the carbon atom and its
periodic images for the Fe4C1 cell. Experimental evidence
exists to support the idea that C-C interactions here are re-

pulsive. The interaction between interstitial carbon atoms in
fcc Fe was estimated experimentally by measuring the concentration dependence of carbon activity, and it was deduced
that the interaction is repulsive between carbon atoms in
austenite.55 Moreover, Mössbauer spectra of austenite have
also been interpreted in terms of a repulsive carbon-carbon
pair interaction, based on a Monte Carlo simulation
analysis.56
It is evident from Table V that the volume expansion
(⌬V) decreases as the cell becomes larger and is about 1%
for Fe32C1. If the solution enthalpy is taken as a criterion for
the cell convergence, then Fe32C1 is large enough for our
study. This supercell is much smaller than the converged
supercell for bcc Fe 共Fe128C1兲. In the latter phase, carbon,
in the o-site of bcc Fe, has a larger strain field, causing
a significant tetragonal distortion to the lattice 共the energy
gain from structural relaxation is large, ⬃5.0 eV). So it
takes a much larger cell to minimize the interactions between
the strain fields caused by carbon and its periodic images in
bcc Fe. On the other hand, both the strain field and the lattice
distortion caused by carbon in the o-site of fcc Fe have octahedral symmetry and are isotropic, and the energy gain
from the structural relaxation is small, ⬃0.50 eV. Thus the
smaller distortions caused by C in fcc Fe allow us to converge the results with a much smaller cell than in bcc Fe.
These findings are consistent with the low solubility of carbon in bcc Fe compared to fcc Fe, as mentioned in the Introduction.
In the following, we examine carbon diffusion in the Fe32
supercell in order to simulate the dilute concentrations
present in most austenitic studies. For comparison, however,
we also investigate carbon diffusion in the Fe4 cell as a
model of a supersaturated solution of carbon in Fe.
E. Diffusion of supersaturated carbon in FM-HS fcc Fe: The
Fe4C1 cell

For interstitial carbon in fcc Fe, we consider only the
diffusion of carbon from an o-site to another nearestneighbor o-site. In the conventional cubic fcc cell, the carbon
moves from the edge center 共0.0, 0.0, 0.5兲 to the body center
共0.5, 0.5, 0.5兲. Figure 4 shows the converged MEP and the
atomic arrangements of images 00, 06, 08, and 16 that represent the initial state, the first transition state, the intermediate state, and the final state, respectively. One can see that
the MEP shows a symmetric structure with double maxima at
2.10 eV and one t-site intermediate at 2.05 eV. The geometries of images 00, 06, and 08 are shown in Table VI. In the
initial state, the carbon atom is in the octahedron that includes Fe1, Fe2, and Fe3. In the transition state, the carbon
atom is approximately in the center of the triangle of Fe1,
Fe2, and Fe3. For the intermediate, the carbon atom is approximately at the center of the tetrahedron that consists of
Fe1, Fe2, Fe3, and Fe4; this can be seen from the fairly
tetrahedral Fe1-C-Fe2 and Fe2-C-Fe3 angles (⬃109.4°).
The carbon atom then will move to the second transition
state that is at the center of the triangle of Fe2, Fe3, and Fe4,
and then arrives at the final state—the 共octahedral兲 body center. The transition-state image has the shortest Fe-C distance
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FIG. 4. Minimum-energy path for carbon diffusion in the fcc Fe4C1 supercell and the structures of the initial state, the first transition state,
the intermediate state, and the final state.

of ⬃1.75 Å. The t-site is an intermediate for carbon diffusion between o-sites, but the energy well is very shallow,
only about 0.05 eV lower than the transition state. The diffusion mechanism that we find for Fe4C1 is close to what
most experimentalists have conjectured about interstitial diffusion in an fcc lattice.57,58 Namely, instead of going directly
from one o-site to another nearest one within the 共001兲 plane
by pushing two atoms apart, the interstitial moves off plane
and goes through a curved channel connecting the two
o-sites, as shown in Fig. 4.
F. Diffusion of dilute carbon in FM-HS fcc Fe: The
Fe32C1 cell

From the solution enthalpy convergence tests 共Table V兲,
we see that a Fe32C1 supercell is suitable to simulate isolated carbon interstitials in fcc Fe. The converged MEP 共Fig.
5兲 shows a symmetrical path with a high-energy plateau and
a diffusion barrier of 0.99 eV. The middle point of the MEP
is found to be a local minimum of 0.98 eV, which is only
about 0.01-eV lower in energy than the two transition states.
So just as in the Fe4C1 cell, the MEP of the Fe32C1 system
also has a symmetrical double maxima and an intermediate
in between, although the well is much shallower than that of
Fe4C1. Also shown in Fig. 5 are the structures of images 00,
04, 06, 07, and 12, which correspond to the initial state, the
first transition state, the intermediate, the second transition

state, and the final state, respectively. One can see that the
carbon atom pushes away Fe2 and Fe3 and goes almost linearly from the initial o-site to the final one. Unlike Fe4C1, in
which the carbon atom moves off plane and through a t-site
intermediate, the carbon atom in Fe32C1 basically stays in
the 共001兲 plane containing the carbon, Fe2, and Fe3, avoiding the t-site! The very similar Fe2-C distances 共Table VII兲
of images 04, 06, and 07 共1.773–1.776 Å兲 explain why there
is a plateau in the MEP. For image 06 共the intermediate兲, the
carbon is nearly perfectly collinear and in between Fe2 and
Fe3 (179.6 °), and no tetrahedral angle is found there. The
apparent discrepancy between the lower energy of image 06
and its shorter C-Fe2 distance compared with image 04 can
partly be explained by the shorter C-Fe4 and C-Fe6 distances
in image 06, producing slightly better coordination than image 04 and therefore a lower energy.
Normally, the NEB method converges the chain of images
to the MEP that is closest to the initial guess, so it depends
on how the initial interpolation is done. To see whether there
is an MEP going through the t-site, we also did a CI-NEB
run with a ‘‘nonlinear’’ interpolation which included the
t-site in the initial guess. The chain of images converges
again to the same MEP we obtained above from the linear
interpolation, indicating that there is no saddle point going
through the t-site for dilute carbon concentrations in fcc Fe.
Another concern with the NEB method is that the current
implementation works only with fixed volume along the

TABLE VI. The geometries of images 00, 06, and 08 for the Fe4C1 cell.

Image

C-Fe1

Distance 共Å兲
C-Fe2
C-Fe3

C-Fe4

00 共minimum兲
06 共TS兲
08 共intermediate t-site兲

1.882
1.753
1.785

1.882
1.751
1.774

3.260
1.914
1.770

1.882
1.751
1.774
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Angle ( °)
Fe1-C-Fe2
Fe2-C-Fe3
90.0
117.9
107.9

90.0
118.4
110.3
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FIG. 5. Minimum-energy path for carbon diffusion in the Fe32C1 supercell and the local
structures of the initial state, the first transition
state, the intermediate state, the second transition
state, and the final state.

path. In order to assess whether the constant volume constraint introduces significant stress along the diffusion path,
we compared the structure of the TS with that of the initial
state to see how the average Fe-Fe distance changes moving
away from the C atom. If the distance converges to the pure
Fe value within half of the simulation cell dimension, then
the perturbation due to the diffusing carbon is short ranged
and no stress will be accumulated due to this constraint. In
Fig. 6, we see that the Fe-Fe distance for the initial state
converges to about 2.565 Å 共very near that of pure Fe, shown
as the dotted horizontal line兲 near 3.6 Å, which is half of the
supercell lattice parameter. Therefore, no stress buildup is
present in this simulation cell for the initial state. However,
the transition-state Fe-Fe distances are still oscillating around
that of the initial state with an amplitude of ⬃0.02 Å for the
Fe-C distances larger than half the simulation box length.
Although this amplitude is small, it indicates there is some
small stress for the TS configuration. We expect this amplitude would decrease if a larger supercell was used, which
would decrease the activation energy slightly if this was accounted for.
IV. DISCUSSION

Comparisons of first-principles predictions with experimental measurements must be undertaken very carefully.
Seemingly identical phenomena studied by simulation and

by experiment often turn out to be quite different. In some
sense, first-principles studies are more like an ideal lab in
which a simplified material is used to model a more complicated real world material. In this section, we compare our
model predictions with real materials and try to relate our
findings in a relevant way to previous experiments.
A. Zero-point energy corrections and thermal effects on the
energetics of dissolution and diffusion

Experimental data, of course, include the effect of zeropoint energy 共ZPE兲, while most condensed-matter calculations do not. However, ZPE corrections can be added afterwards in order to compare directly with experiments, if the
experimental data can be extrapolated to 0 K. ZPE corrections, in principle, can be important for light elements, while
they are more or less negligible for heavy elements. By obtaining the normal-mode frequencies of carbon in either
graphite or the bcc Fe lattice, we can estimate the effect of
carbon’s ZPE on the energetics we have calculated. In this
way, the ZPE of graphite is estimated to be 0.13 eV/atom.
Keeping the Fe atoms rigid 共i.e., assuming infinite mass兲 at
their equilibrium positions, the ZPE of carbon in the o-site of
bcc Fe 共for the Fe128C1 cell兲 is estimated to be 0.11 eV/
atom. These give a correction of ⫺0.02 eV to the solution
enthalpy for carbon in bcc Fe. The ZPE of carbon at the
transition state for carbon diffusion in bcc Fe is estimated to

TABLE VII. The geometries of images 00, 04, 06, 07, and 12 for the Fe32C1 cell.

Image
00
04
06
07

共minimum兲
共first TS兲
共local minimum兲
共second TS兲

C-Fe1

C-Fe2

Distance 共Å兲
C-Fe3
C-Fe4

C-Fe5

C-Fe6

1.903
2.003
2.042
2.115

1.903
1.776
1.773
1.776

1.903
1.776
1.772
1.776

1.903
2.005
2.043
2.109

1.903
2.107
2.037
2.007

3.156
2.121
2.043
2.006

214103-8

Angle ( °)
Fe1-C-Fe2
Fe2-C-Fe3
90.0
92.6
89.6
85.7

90.0
168.2
179.6
168.8
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The local structure of carbon in the lattice also shows that
our bct structure is different from martensite. X-ray diffraction shows61 that the distances between C and the six Fe
atoms of its first coordination shell in martensite are almost
the same at 1.93 Å. This means that the coordination octahedron of carbon 共and therefore, the local environment of
carbon兲 in martensite is almost the same as that in the austenite. However, for our relaxed Fe128C1 cell, the C atom is
about 0.20-Å closer to the two Fe atoms along the c axis than
to the four Fe atoms on the a-b plane, which indicates that
the local environment of carbon is more ferritelike. We therefore consider that our bct structure is a close model of bcc Fe
with supersaturated carbon, which is different from the metastable bct structure of martensite. The 共fortuitously兲 perfect
agreement of the diffusion barrier with the experimental
value of carbon diffusion in ferrite also supports this point.
FIG. 6. Average Fe-Fe distance versus distance from the carbon
atom in the Fe32C1 cell.

be 0.08 eV, which produces a correction of ⫺0.03 eV to the
diffusion barrier. Since the ZPE corrections for carbon in bcc
Fe are about at the numerical error in our calculations, we
conclude they can be neglected and therefore did not estimate them for carbon in fcc Fe.
In principle, thermal effects also should be considered
when comparing first-principles energetics 共usually at 0 K兲
with experiment 共always at finite temperature兲. For example,
the experimental solution enthalpy of C in bcc Fe is measured in the temperature range of 773–993 K.51 However,
since thermal corrections 共due to differential changes in heat
capacities from initial to final states兲 are typically as small as
and of opposite sign to ZPE corrections, we have not attempted to include them in our calculations. We therefore
directly compare experimental finite temperature energetics
to non-ZPE-corrected, 0-K theoretical energetics, noting the
likelihood of a fortuitous cancellation of 共small兲 errors.
B. Are we simulating diffusion in ferrite or martensite?

The bct structure we obtain after relaxing the bcc Fe-C
supercell as a model of ferrite is different from the bct structure of martensite, which is experimentally obtained from a
diffusionless martensitic transformation by quenching austenite 共fcc Fe兲. The structure of martensite is metastable, and it
will decompose to ferrite 共bcc Fe兲 and cementite (Fe3 C)
upon tempering.59 The bct structure we obtain is the theoretical ground state of the Fe-C alloy, although it is supersaturated with C (⬃0.17 wt % C for Fe128C1兲 compared with
the experimental phase diagram, where saturation occurs at
0.02 wt % C at 1000 K 共at lower temperatures, the solubility
will be even lower60兲. If we restrict the supercell to retain bcc
symmetry, we find this to be higher in energy than the bct
structure. For example, we did a calculation for the Fe16C1
cell, with a uniformly expanded lattice, and with carbon in
the o-site and Fe atoms fixed at their bcc lattice positions. We
found that the uniformly expanded bcc lattice at its lowest
energy is still 4.20-eV higher in energy than the relaxed
Fe16C1 cell. So the bct structure we obtained is indeed the
ground state of the Fe-C alloy at this C concentration.

C. How do we compare with experiments for diffusion in
austenite?

Our diffusion predictions for carbon in austenite unfortunately are not directly comparable to experiments. The diffusion experiments are usually done at high temperatures
where austenite is stable and paramagnetic. Since we cannot
simulate paramagnetic Fe with conventional DFT and there
is no experimental information on local magnetic moments
in Fe-C alloys,62 we chose to use the FM-HS state of Fe to
simulate austenite, as explained earlier. The complicated
magnetovolume instability of fcc Fe makes it difficult for
any first-principles method to accurately describe austenite.
It should be noted also that calculations suggest63 that
FM-HS fcc Fe is not stable under tetragonal distortion. In our
study, however, all the fcc cells were constrained to be cubic.
Keeping these points in mind, we now attempt to make some
comparison with experiment.
We predicted the diffusion barrier for carbon in austenite
to be 0.99 eV, which is about 0.60-eV lower than the experimental value.14 In order to obtain another limiting value, we
calculated the diffusion barrier for carbon in NM fcc Fe. The
result is ⬃2.70 eV, which is far too high and indicates that
the NM state is not suitable for describing austenite. We then
attempted a similar calculation for the FM-LS phase of fcc
Fe. Unfortunately, the FM-LS phase becomes unstable after a
C atom is put into the lattice, and it relaxes to the NM phase.
We have not tried to use the AFM phases of Fe to study
carbon diffusion.
So how can we connect our predicted value to measurements? The excellent agreement with experiment for the diffusion barrier for carbon in bcc Fe suggests that we can
consider our barrier for carbon diffusion in FM-HS fcc Fe to
be an accurate prediction of the barrier when such a phase of
Fe exists. Thin films of FM-HS fcc Fe can be obtained by the
deposition of thin layers of Fe on Cu共100兲 substrates.64 – 67
When the number of layers in the film exceeds 11 monolayers, the fcc structure usually becomes unstable and transforms to the bcc structure.64,68 However, Kirilyuk et al. have
shown69 that fcc Fe films with up to 60 monolayers can be
produced by the cooperative surfactant effect of carbon and
oxygen. They admit to the vacuum chamber gases such as
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C2 H2 , C2 H4 , and CO as carbon sources and O2 as the oxygen source during molecular-beam epitaxy. They believe that
the main reason they are able to stabilize the fcc structure is
the interstitial incorporation of carbon atoms into the fcc
lattice. This observation is consistent with our predicted solution enthalpy of carbon in fcc FM-HS Fe, which shows that
the dissolution of carbon into the bulk is energetically favorable. If the diffusion barrier could be measured experimentally in such a situation, then a direct comparison to our
prediction could be made.
V. SUMMARY

We performed periodic DFT calculations of the dissolution and diffusion energetics for interstitial carbon in bcc and
fcc Fe. We find that for ferromagnetic 共FM兲 bcc Fe, the
stable phase at low temperature places carbon in the octahedral site. The solution enthalpy of carbon in the octahedral
site is predicted to be 0.74 eV endothermic, consistent with
the very small solubility of C in bcc Fe. Simulation cell size
convergence tests demonstrate that an Fe128 supercell is sufficient to simulate the energetics of the interstitial carbon in
FM bcc Fe. The minimum-energy path 共MEP兲 of carbon diffusion with a supercell of Fe128C1 gives a diffusion barrier
of 0.86 eV, in excellent agreement with experiment. The tetrahedral site is found to be a transition state 共TS兲, as postulated previously.9,10
Despite the magnetovolume instability of fcc Fe, the allelectron PAW-DFT-GGA method provides descriptions of
the antiferromagnetic single-layer 共AFM1兲, antiferromagnetic double-layer 共AFMD兲, nonmagnetic 共NM兲, ferromagnetic low-spin 共FM-LS兲, and ferromagnetic high-spin 共FMHS兲 states of fcc Fe that agree very well with earlier allelectron FLAPW-DFT-GGA results. Given the known
paramagnetism of austenite, which cannot be easily modeled
within conventional DFT, we chose to model austenite with
the ferromagnetic high-spin phase of fcc Fe as the phase
closest to a paramagnetic phase.
Our predicted solution enthalpy indicates that the dissolution of carbon in FM-HS fcc Fe is slightly exothermic. Simulation cell size convergence tests indicate that an Fe32 supercell is sufficient to simulate the dissolution energetics of the
interstitial carbon in FM-HS fcc Fe. We also find repulsive
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